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Abstrat
In this paper a lass of multi-Chern-Simons eld theories whih is relevant to
the statistial mehanis of polymer systems is investigated. Motivated by the
problems whih one enounters in the treatment of these theories, a general pro-
edure is presented to eliminate the Chern-Simons elds from their ation. In
this way it has been possible to derive an expression of the partition funtion of
topologially linked polymers whih depends expliitly on the topologial num-
bers and does not have intratable nonloal terms as it happened in previous
approahes. The new formulation of multi-Chern-Simons eld theories is then
used to remove and larify some inonsistenies and ambiguities whih appar-
ently aet eld theoretial models of topologially linked polymers. Finally,
the limit of disentangled polymers is disussed.
∗
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1 Foreword
In this paper we study abelian multi-Chern-Simons eld theories [1, 2, 3, 4, 5℄
oupled to harged salar elds. Models of this kind nd a natural appliation
in the statistial mehanis of losed polymer rings subjeted to topologial
onstraints [6℄ and are relevant in the phenomenology of the frational quantum
Hall eet [7℄. An important feature of these theories is that they exhibit the
phenomenon of harge onnement, whih ours via a topologial mehanism
explained in [7, 8℄. The aim of this work is to solve some problems, disussed
below, whih arise in the eld theoretial formulation of polymer systems.
Let us suppose that there are N polymers with trajetories P1, . . . , PN in
a dilute solution. The topologial state of the system is speied in suh a
way that eah trajetory Pi winds up around trajetory Pj a number mij of
times, i > j = 1, . . . , N . In priniple, it would be desirable to write down
an expression of the polymer partition funtion whih depends on the Gauss
linking numbers mij 's. In pratie, however, it is only possible to ompute the
partition funtion in the spae of the Fourier onjugated variables λij 's [9℄. All
attempts to go bak to the spae of the real topologial numbers mij with an
inverse Fourier transformation led so far to eld theories with intratable non-
loal terms [9, 11℄. Even in the investigation of the simplest ase in whih all
the polymers are disentangled, i.e. mij = 0 for i, j = 1, . . . , N , one enounters
tremendous ompliations, whih an be overome only resorting to mean-eld
like approximations [10℄. Moreover, it is also hard to give a physial meaning
to the parameters λij . At a rst sight, in multi-Chern-Simons polymer models
they play the role of oupling onstants and determine the strength of the
topologial interations whih are neessary to keep the polymer trajetories in
the given topologial state. However, there is some freedom in the hoie of
the domain in whih these parameters are dened, so that this interpretation
annot be orret. For example, eah λij an be dened in the interval [−π, π],
but any other interval of the kind [lπ, (l+2)π], where l is an arbitrary integer, is
also allowed due to the properties of Fourier transformations. Clearly, from the
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point of view of eld theories, it makes a great dierene if l = 1 or if l >> 1.
Furthermore, also the range (−∞,+∞) is justied if one starts from a model
of open polymers and then reovers the limit of losed polymers requiring that
the ends of the polymers oinide.
Unfortunately, it is not an easy task to obtain a reasonably simple expression
of the polymer partition funtion in terms of the physial parameters mij and
to remove the above ambiguities. One problem is that topologial interations
in polymer systems are governed by Chern-Simons elds and the ontribution
of these elds to the partition funtion is hard to evaluate. First of all, it is not
possible to proeed perturbatively, sine the values of the oupling onstants
λij are not small. On the other side, the ation of Chern-Simons is intrinseally
dened in three dimensions, so that it is diult to exploit tehniques like
the ǫ−expansion whih require its extension to arbitrary dimensions [12℄. Also
from the point of view of numerial simulations the situation is not better, sine
the lattie formulation of Chern-Simons eld theories enountered so far many
obstales [13, 14℄.
In order to solve these problems, we rewrite the ation of multi-Chern-
Simons eld theories with the help of a Hubbard-Stratonovih transformation
and suessively eliminate the Chern-Simons elds. The resulting eld theories
ontain only salar elds and a set of auxiliary elds whih have no dynamis.
The proedure used is quite general, although it has been developed for the
speial multi-Chern-Simons eld theories whih are relevant to polymers. Ex-
ploiting the new formulation of the polymer partition funtion, we are able to
prove that there are not ambiguities in the eld theoretial desription of poly-
mer systems, beause all the possible domains in whih the oupling onstants
λ1, . . . , λΓ may be dened lead to equivalent models. Finally, we larify the
physial meaning of these oupling onstants: They play the role of Lagrange
multipliers. The onstraints whih they impose are expliitly omputed.
The material presented in this paper is divided as follows. In Setion 2
we onsider an ation with two Chern-Simons elds oupled with multiplets
of harged salar elds whih are invariant under a U(n1) × U(n2) group of
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global symmetry. The relations of this model with the statistial mehanis of
two topologially linked polymers have been disussed in details in [6, 15℄ and
are here only briey summarized. Starting from this simple example of multi-
Chern-Simons eld theories, we illustrate the problems whih arise in polymer
models. In Setion 3 it is shown how it is possible to eliminate the Chern-
Simons elds using a suitable Hubbard-Stratonovih transformation. In this
way we obtain an expression of the partition funtion of polymers in terms of
the topologial numbers mij in whih the ation is polynomial in the elds.
In previous approahes, instead, the ation ontained non-polynomial and non-
loal terms. In Setion 4 we hek that the non-uniqueness of the domain of
integration of the oupling onstants disappears due to a symmetry whih was
hidden in the original formulation in terms of Chern-Simons elds. Finally, in
Setions 5 and 6 these results are generalized to the ase of multi-Chern-Simons
eld theories desribing the statistial mehanis of an arbitrary number of
polymers.
2 The Two-Polymers Model
Let us onsider the ation:
S(λ) =
∫
d3x
[
ıκB · (∇×A) + |(∇− ıκB)Ψ1|2 +m21|Ψ1|2
]
+
∫
d3x
[|(∇− ıλA)Ψ2|2 +m22|Ψ2|2] (1)
In Eq. (1) ı =
√−1 and the symbols Ψi,Ψ∗i , i = 1, 2, denote multiplets of
harged elds:
Ψi = (ψ
1
i , . . . , ψ
ni
i ) Ψ
∗
i = (ψ
∗1
i , . . . , ψ
∗ni
i ) (2)
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In our notations:
|(∇− ıκB)Ψ1|2 =
n1∑
a=1
(∇+ ıκB)ψ∗a1 · (∇− ıκB)ψa1 (3)
|(∇− ıκA)Ψ2|2 =
n2∑
a=1
(∇+ ıκA)ψ∗a2 · (∇− ıκA)ψa2 (4)
|Ψi|2 =
ni∑
a=1
ψ∗ai ψi i = 1, 2 (5)
It is easy to hek by resaling the eld B that the Chern-Simons oupling
onstant κ is irrelevant and that only the oupling onstant λ appears in the
physial amplitudes of the theory.
Field theories suh as those of Eq. (1) enter in various physial problems.
Here we onsider the ase of two losed polymers with trajetories P1 and P2
and lengths L1 and L2 respetively. The trajetories are onstrained to satisfy
the following topologial onstraint:
χ(P1, P2) = m m = 0,±1,±2 . . . (6)
where χ(P1, P2) is the Gauss linking number given by:
χ(P1, P2) =
1
4π
∫ L1
0
ds1
∫ L2
0
ds2x˙1(s1) ·
[
x˙2(s2)× (x1(s1)− x2(s2))|x1(s1)− x2(s2)|3
]
(7)
In the above equation P1 and P2 are represented by two losed urves x1(s2),x2(s2),
where s1 and s2 are the ar lengths of the trajetories. In terms of the bond
urrents
ji(x) =
∫ Li
0
dsixi(si)δ
(3)(x− xi(si)), (8)
Eq. (7) may be rewritten as follows:
m =
1
4π
∫
d3xd3yj1(x) ·
[
j2(y)×
(x− y)
|x− y|3
]
(9)
It is possible to show that, in the Lorentz gauge, in whih the elds A and
B are ompletely transverse, the partition funtion of this two-polymer system
oinides with the following amplitude [15, 16℄:
Z =
∫ 2pi
0
dλ
2π
e−ımλZ(λ) (10)
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where
Z(λ) =
∫
D(fields)|ψ11(x)|2|ψ12(y)|2e−S2(λ) (11)
and
D(fields) =
∫
DADB
2∏
i=1
ni∏
ai=1
[DψaiDψ∗ai ] (12)
To make ontat with polymer physis, we should keep in mind that it is still
neessary to ontinue analytially the partition funtion Z to the limit of zero
replia numbers n1 and n2. Moreover, one should also add to the ation (1)
the so-alled exluded volume interations, whih take into aount the steri
repulsions of the monomers. However, both zero replia limit and exluded
volume interations are irrelevant in the present ontext and will be ignored.
We see from Eq. (10) that one has to onsider the sum over the partition
funtions Z(λ) for all values of the oupling onstant λ in the interval [0, 2π].
This is a onsequene of the fat that the topologial ondition (6) has been
imposed by inserting in the partition funtion the δ of Kroneker δm,χ(P1,P2),
whih in the Fourier representation is given by:
δm,χ(P1,P2) =
∫ 2pi
0
dλ
2π
e−ıλ(m−χ(P1,P2)) (13)
This integration over λ is a further ompliation with respet to standard eld
theories, whih makes it diult to study the physial properties of the two-
polymer model given above. For example, let us note that the right hand side
of Eq. (13) is invariant under the shifts:
λ −→ λ+ πk k = 0,±1,±2 . . . (14)
Therefore, for onsisteny, also the partition funtion Z should be invariant
as a funtion of λ under these shifts. However, suh invariane is not evident
from Eqs. (1011) and from the ation (1). Other diulties arise if we wish
to desribe the behavior of two disentangled polymer rings starting from the
partition funtion of Eqs. (1011). As a matter of fat, even in the limit of zero
topologial number m, the integration over λ remains ompliated. In general,
the investigation of the m = 0 limit is problemati in models of topologially
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linked polymers based on the Edwards approah. The only onrete results have
been ahieved up to now in the ase of dense solutions, where mean eld-like
approximations are possible [10℄.
In priniple, one an easily eliminate the oupling onstant λ in (10) by
performing a simple Gaussian integral, but the new partition funtion ontains
non-loal operators whose treatment by analytial methods is diult [9℄. On
the other side, it is possible to study the partition funtion Z(λ) by means of
eld theoretial tehniques. However, the knowledge of the properties of Z(λ)
does not provide a very deep insight into the properties of the nal partition
funtion Z.
3 Elimination of the Chern-Simons Fields
Amore transparent formulation of the two-polymer problem, in whih the role of
the ouplingg onstant λ is expliit, an be provided by means of two Hubbard-
Stratonovih transformations. As a rst step, let us rewrite the partition fun-
tion of Eqs. (1011) in the following way:
Z =
∫ 2pi
0
dλ
2π
e−ımλ
∫
DADB
2∏
i=1

 ni∏
ai=1
Dψaii Dψ∗aii
ni∏
bi=1
Dξbii Dξ∗bii


|ψ11(x)|2|ψ12(y)|2e−S0−S1(λ) (15)
where ξ∗a2 , ξ
a
2 represent two sets of auxiliary omplex vetor elds and S0, S1(λ)
are given by:
S0 =
2∑
i=1
ni∑
ai=1
∫
d3x {−ı [∇ψ∗aii · ξaii +∇ψaii · ξ∗aii ]
+ m2i |Ψaii |2 + ξaii · ξ∗aii
}
(16)
S1(λ) = ıκ
∫
d3xB · (∇×A) + ıκ
∫
d3xB · J1 + ıλ
∫
d3xA · J2 (17)
Here we have introdued the vetor elds
Ji =
1
ı
ni∑
ai=1
[ψ∗aii ξ
ai
i − ψaii ξ∗aii ] (18)
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whih are related to the total matter urrents of the replia elds ψaii , ψ
∗ai
i .
This onnetion with matter urrents beomes more expliit if we onsider the
lassial equations of motion of the elds ξaii , ξ
∗ai
i :
ξa11 = (∇− ıκB)ψa11 ξ∗a11 = (∇+ ıκB)ψ∗a11 (19)
ξa22 = (∇− ıκA)ψa22 ξ∗a22 = (∇+ ıκA)ψ∗a22 (20)
Substituting Eqs. (19) and (20) in (18) one obtains:
J1 =
1
ı
n1∑
a1=1
[ψ∗a11 (∇− ıκB)ψa11 − ψa11 (∇+ ıκB)ψ∗a11 ] (21)
J2 =
1
ı
n2∑
a2=1
[ψ∗a22 (∇− ıλA)ψa22 − ψa22 (∇+ ıλA)ψ∗a22 ] (22)
whih are exatly the total abelian matter urrents of the replia elds.
At this point we are ready to show that the partition funtion (10) and (15)
are equivalent. To prove that, it is suient to perform in Eq. (15) the hange
of variables:
ξa11 = ξ
′a1
1 + ı(∇− ıκB)ψa11 ξ∗a11 = ξ′∗a11 + ı(∇+ ıκB)ψ∗11 (23)
ξa22 = ξ
′a2
2 + ı(∇− ıλA)ψa22 ξ∗a22 = ξ′∗a22 + ı(∇+ ıλA)ψ∗22 (24)
After this substitution, the result is exatly the partition funtion of Eqs. (10
11), apart from an irrelevant onstant oming from the Gaussian integration
over the deoupled primed elds ξ
′ai
i , ξ
∗′ai
i , i = 1, 2, ai = 1, . . . , ni. Hubbard
Stratonovih transformations of this kind are ommon in polymer physis [17,
18℄. They an be rewritten in a more familiar form in terms of real vetor elds,
oiniding with the real and imaginary parts of the elds ξ
ai
i and ξ
∗ai
i . This
point will be disussed in more details in the Appendix.
It is now easy to integrate out the Chern-Simons eld from the partition
funtion (15). To this purpose, we have to onsider the path integral:
Zψξ =
∫
DADBe−S1(λ) (25)
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A rst integration over the B elds gives:
Zψξ =
∫
DAe−λ
∫
d3xA·J2δ(∇ ×A+ J1) (26)
The δ−funtion in Eq. (26) enfores the onstraint:
∇×A+ J1 = 0 (27)
whih implies that the urrent J1 is onserved as expeted. As a matter of fat,
taking the divergene of both members of Eq. (27), one obtains: ∇ · J1 = 0.
Solving the onstraint (27) with respet to A, Eq. (26) beomes:
Zψξ = exp
[
−ı λ
4π
∫
d3xd3y
(
∇
1
|x− y| × J2(y)
)
· J1(x)
]
(28)
The substitution of (28) in the partition funtion (15) gives the following result:
Z =
∫ 2pi
0
dλ
2π
e−ımλ
∫
D(fields)′|ψ11(x)|2|ψ12(y)|2
× exp
[
−S0 − ı λ
4π
∫
d3xd3y
(
∇
1
|x− y| × J2(y)
)
· J1(x)
]
(29)
The eld integration measure is now:
D(fields)′ =
2∏
i=1
ni∏
ai=1
Dψaii Dψ∗aii Dξaii Dξ∗aii (30)
4 The Limit of Disentangled Polymers
With the new formulation of the partition funtion given by Eq. (29), the role
of the parameter λ in the two-polymer model and its invariane under the shifts
λ→ λ+π have beome transparent. As a matter of fat, performing the simple
integration over λ one obtains:
Z =
∫
D(fields)′|ψ11(x)|2|ψ12(y)|2e−S0
× δ
(
m− λ4pi
∫
d3xd3yJ1(x) ·
(
J2(y)×∇ 1|x−y|
))
(31)
where the measure D(fields)′ and the ation S0 have been given in Eqs. (30)
and (16) respetively. Clearly, the onstraint
λ
4pi
∫
d3xd3yJ1(x) ·
(
J2(y)×∇ 1|x−y|
)
= m (32)
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is the analogous of the present eld theoretial formalism of the topologial
onstraint (9).
In the limit m = 0, the partition funtion (29) beomes:
Zm=0 =
∫
D(fields)′|ψ11(x)|2|ψ12(y)|2e−S0
× δ
(
λ
4pi
∫
d3xd3yJ1(x) ·
(
J2(y)×∇ 1|x−y|
))
(33)
From Eq. (33) it turns our that topologial interations do not vanish if m = 0
as one ould naively expet from the fat that the polymers are disentangled
in this ase. The reason is that the topologial interations are still neessary
when the polymers get too near at some point in order to prevent the rossing
of the trajetories, whih would modify the value of m.
Eq. (29) shows also that the form of the partition funtion Z does not
hange under a shift of the oupling onstant λ of the kind given in Eq. (14).
As a matter of fat, let us perform the shift λ −→ λ+ πk = λ′, k = ±1,±2, . . .
in Eq. (10), so that we get the new partition funtion:
Zshifted =
∫ pi(k+1)
pik
dλ′
2π
e−imλ
′
Z(λ′) = (−1)km
∫ 2pi
0
dλ
2π
e−ımλZ(λ+ πk) (34)
Repeating the same steps whih led from Eq. (10) to Eq. (29), we obtain:
Zshifted = (−1)km
∫ 2pi
0
dλ
2π
e−ımλ
∫
D(fields)′|ψ11(x)|2|ψ12(y)|2e−S0
× exp
[
−ıλ+ πk
4π
∫
d3xd3y
(
∇
1
|x− y| × J2(y)
)
· J1(x)
]
(35)
The integration over λ imposes one again the onstraint (32) in the partition
funtion Zshifted. As a onsequene, it is easy to show that
Zshifted = Z (36)
for k = 0,±1,±2 . . ., beause of the relation
e
−ıpik
4pi
∫
d3xd3y
(
∇ 1
|x−y|
×J2(y)
)
·J1(x)
= e−ıpikm = (−1)km (37)
whih is enfored by this onstraint.
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Thanks to the invariane under the shift (14) and Eq. (36), we are also able
to prove the following identity:
Z˜ ≡
∫ +∞
−∞
dλ
2π
e−ımλZ(λ) = Z (38)
where Z is the partition funtion given above in (10) and Z(λ) is dened in
Eq. (11). The partition funtion Z˜ diers from Z only by the domain of inte-
gration of the parameter λ, whih in this ase is the real line (−∞,+∞). This
is what one obtains if one derives the model of two losed polymers starting
from two open polymers and then requiring that their ends oinide [6, 9℄.
To verify Eq. (38), we divide the domain of integration over λ in the innite
number of intervals [2πl, 2π(l + 1)], where −∞ ≤ l ≤ +∞ is an integer. In this
way, Z˜ beomes of the form:
Z˜ =
+∞∑
l=−∞
∫ 2pi(l+1)
2pil
dλl
2π
e−ımλlZ(λl) (39)
Sine m is an integer, it is also possible to write:
Z˜ =
+∞∑
l=−∞
∫ 2pi
0
dλ
2π
e−ımλZ(λ+ 2πl) (40)
Using Eq. (35) and the onstraint (32) it is now easy to show that the terms
depending on l fatorize as follows:
Z¯ =
∫ 2pi
0
dλ
2π
e−ımλ
∫
D(fields)′|ψ11(x)|2|ψ12(y)|2e−S0
× δ
(
λ
4pi
∫
d3xd3yJ1(x) ·
(
J2(y)×∇ 1|x−y|
)) +∞∑
l=−∞
e2piıml (41)
Comparing the above expression with the expression of the partition funtion
Z of Eq. (31) it is possible to onlude that Z˜ = Z apart from the innite
onstant fator
∑+∞
l=−∞ e
2piıml =
∑+∞
l=−∞ 1, whih does not hange the physis
of the problem.
5 The N-Polymer Model
In this Setion we onsider the extension of the two-polymer model disussed
above to the more realisti ase of the utuations of N polymers. Let us denote
11
with P1, . . . , PN the trajetories of the N polymers, whih are onstrained to
satisfy the following relations:
χ(Pi, Pj) = mij
mij = 0,±1,±2, . . .
i, j = 1, . . . , N
(42)
These onditions an be enfored in the partition funtion whih desribes the
statistial mehanis of the N polymers by inserting the following produt of
Kroneker delta's:
N∏
i=2
N−1∏
j=1
j<1
δ(χ(Pi, Pj)−mij) =
N∏
i=2
N−1∏
j=1
j<1
∫ 2pi
0
dλij
2π
e−ıλij(mij−χ(Pi,Pj)) (43)
where the λij 's are elements of a N ×N matrix of Fourier parameters suh that
λij = 0 whenever j ≥ i for i, j = 1, . . . N . The eld theoretial version of the
N−polymer model has been derived in [9℄. Its partition funtion is given by:
ZN =
∫ n∏
i=2
N−1∏
j=1
j<i
dλij
2π
e−ımijλijZN (λij) (44)
where
ZN (λij) =
∫
D(ABΨiΨ∗i )
N∏
i=1
ψ1i (x
i)ψ∗1i (y
i)e−S (45)
and the ation S is:
S = ıκ
N−1∑
i=1
∫
d3xAi · (∇×Bi) +
N∑
i=1
∫
d3x
[|(∇− ıCi)Ψi|2 +m2i |Ψi|2] (46)
The elds Ψi,Ψ
∗
i , i = 1, . . . , N , represent multiplets of replia elds:
Ψi = (ψ
1
i , . . . , ψ
ni
i ) Ψi = (ψ
∗1
i , . . . , ψ
∗ni
i ) (47)
and the vetor elds C
i
are linear ombinations of the Chern-Simons elds
A
i,Bi:
C
i =
i−1∑
j=1
λijA
j(1− δi1) +Biδi1 (48)
Finally,
D(ABΨiΨ∗i ) =
N−1∏
i=1
DAiDBi
N∏
j=1
nj∏
aj=1
Dψajj Dψ
∗aj
j (49)
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6 Elimination of the Chern-Simons Fields from
the N−Polymer Model
First of all, let us introdue auxiliary omplex elds ξaii , ξ
∗ai
i , where i = 1, . . . , N
and 1 ≤ ai ≤ ni. In a similar way as we did in the ase N = 2 in Setion 3, it
is now possible to rewrite partition funtion (44) in the following way:
ZN (λij) =
∫
D(ABΨiΨ∗i ξiξ∗i )e−S0−S1(λij) (50)
where:
D(ABΨiΨ∗i ξiξ∗i ) =
N−1∏
i=1
DAiDBi
N∏
j=1
nj∏
aj=1
Dψajj Dψ
∗aj
j Dξ
aj
j Dξ
∗aj
j (51)
S0 =
N∑
i=1
ni∑
ai=1
∫
d3x [−ı (∇ψ∗aii · ξaii +∇ψaii · ξ∗aii ) + ξaii · ξ∗aii ] (52)
S1(λij) = ıκ
N−1∑
i=1
∫
d3xAi · (∇×Bi) + ı
N∑
i=1
C
i · Ji (53)
and
Ji =
1
ı
n∑
ai=1
[ψ∗aii ξ
ai
i + ψ
ai
i ξ
∗ai
i ] (54)
At this point we are ready to perform the integration over the elds A
i,Bi
in the partition funtion ZN . To this purpose, we need to evaluate the path
integral:
Z
Nψξ =
∫ N∏
i=1
DAiDBie−Si(λij) (55)
One nds after a rst integration over the elds B
j
's:
Z
Nψξ =
∫ N∏
i=1
DAie−ıκ
∑N
i=2
∑i−1
j=1 λijA
j
·Ji
N−1∏
i=1
δ(κ∇ ×Ai − Ji) (56)
The produt of Dira δ−funtions in (56) enfores the onstraints:
κ∇×Ai = Ji (57)
whose solution (in omponents) is:
Aiµ =
1
4πκ
∫
d3yǫµνρ
(x− y)ν
|x− y|3 J
ρ
i (y) µ, ν, ρ = 1, 2, 3 (58)
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It is now easy to show that:
Z
Nψξ = exp

−
ı
4π
N∑
i=2
i−1∑
j=1
∫
d3xd3yλijǫµνρ
(x− y)ν
|x− y|3 J
µ
i (x)J
ρ
j (y)

 (59)
Substituting this result in the expression of the partition funtion ZN if Eq. (44)
one obtains:
ZN =
∫ N∏
i=2
N−1∏
j=1
j<i
dλij
2π
e−ımijλij
N∏
i=1
ni∏
ai=1
Dψaii Dψ∗aii Dξaii Dξ∗aii
exp

−S0 +
ı
4π
N∑
i=2
i−1∑
j=1
∫
d3xd3yλijJi(x) ·
[
∇
1
|x− y| × Jj(y)
]
 (60)
From the formulation of the partition funtion ZN given by Eq. (60) it turns
out that the Fourier variables λij play the role of Lagrange multipliers imposing
the onstraints:
mij =
ı
4π
∫
d3xd3yλijJi(x) ·
[
∇
1
|x− y| × Jj(y)
]
(61)
whih are the generalization to the N polymer ase of ondition (32). One
again, in the limit in whih all polymers are disentangled, the eets of the
topologial interations do not disappear. The invariane of the partition fun-
tion ZN with respet to the shifts:
λij → λij + πkij kij = 0,±1,±2, . . . (62)
an also be proved using similar methods as those employed in Setion 4.
7 Conlusions
In this paper we have studied abelian multi-Chern-Simons eld theories oupled
with matter elds. The attention has been onentrated to those models whih
are relevant to the statistial mehanis of polymers, but some results are valid
for any theory ontaining Chern-Simons elds. Motivated by the diulties
whih one enounters when dealing with these theories due to the presene of
the topologial elds and their kineti terms, we have proposed a proedure to
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eliminate these elds from the ation. The advantage is that now the partition
funtion expliitly depends on the topologial numbers mij and the polymer
ation is polynomial in the elds, ontrarily to the ation derived in [9℄. The
prie to be paid is that the new ation ontains auxiliary vetor elds and has
a non-loal two-body interation.
With the help of the new formulation it has been possible to show that the
ation (46) is invariant under the shifts of the oupling onstants λij given in
Eq. (62). This symmetry, whih was not a priori evident in the ation (46), has
been used in order to show the equivalene of all models of topologially linked
polymers diering by the range of integration of the Fourier variables λij 's, see
Eqs. (36) and (38). The generalization of these results to any N starting from
the partition funtion of Eq. (60) is straightforward. Finally, it has been lari-
ed that the parameters λij 's in polymer models are Lagrange multipliers, whih
impose the ontraints (61). These onditions represent learly the eld theoret-
ial version of the topologial onstraints (6), but are not topologial relations
by themselves. This is a natural onsequene of the fat that, in the proess of
elimination of the Chern-Simons elds, topologial and non-topologial terms
have been mixed together.
To onlude, we would like to address some problems whih are still open.
First of all, experiments suggest that in the presene of topologial onstraints
there are attrative fores ating on polymers [19℄. In partiular, there are
evidenes that the strength of these fores inreases with inreasing omplexity
of the topologial onguration of the system. A perturbative alulation at
the one-loop approximation onrms the presene of suh fores in the two-
polymer model [15℄ , but it is diult to estimate how their strength depend on
m starting from the partition funtion (31). Another open question is how the
phenomenon of onnement that is ative in multi-Chern-Simons eld theories
may inuene the statistial behavior of the polymers.
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8 Appendix A: Hubbard-Stratonovih Trans-
formations
In deriving Eqs. (1517), as well as Eqs. (5053), we have used the generalization
to path integral of the following Gaussian integral formula:
∫ n∏
α=1
dzαz¯α exp

−
n∑
α,β=1
z¯αAαβzβ + ı
n∑
α=1
(b¯αzα + bαz¯α)

 =
= (2πı)n(detA)−1 exp
n∑
α,β=1
[−b¯α(A−1)αβbβ] (63)
In the above equation zα, z¯α are a set of omplex variables and bα, b¯α are on-
stants. To prove Eq. (63) it is suient to perform the transformation
zα = z
′
α + ı(A
−1)αβbβ (64)
z¯α = z¯
′
α + ıb¯β(A
−1)αβ (65)
whih is the analogous of Eqs. (2324). The Gaussian formula (63) an be
brought in an equivalent form after swithing to real omponents x1, . . . , x2n
and c1, . . . , c2n of zα and bα respetively:
zα = xα + ıxn+α z¯α = xα − ıxn+α (66)
bα = cα + ıcn+α b¯α = cα − ıcn+α (67)
Substituting Eqs. (6667) in (63) one obtains the following Gaussian identity,
whih is familiar in polymer physis beause it is used to simplify the exluded
volume interations:
∫ 2n∏
j=1
[dxj ] exp

−
2n∑
j=1
x2j + 2ı
2n∑
j=1
cjxj

 = (2π)n exp

−2
2n∑
j=1
c2j


(68)
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